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ARTICLE INFO ABSTRACT

Editor: Olalla Castro Alvaredo Various extensions to Riemann geometry have been proposed since the inception of general rela-
tivity (GR). The aim has been and continues to be to construct a quantum and dynamic spacetime
that incorporates the well-known classical (static) spacetime. Apparently, this seems to enable
the principles of GR and quantum mechanics (QM) to be reconciled into a coherent relativity and

Keywords:
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Gravitization of quantum mechanics quantum theory. A canonical geometric quantization approach that presents kinematics of free-
Quantized fundamental tensor falling quantum particles within a tangent bundle, expands QM to incorporate relativistic gravi-
Relative spacetime tational fields, and generalizes the four-dimensional Riemann manifold into an eight-dimensional

one likely discretizes, if not fully quantizes, the Finsler and Hamilton structures. The Finsler and
Hamilton metrics can be directly derived from the Hessian matrix. As introduced in [Physics, 7
(2025) 521, the quantized four-dimensional metric tensor can be deduced by means of approxi-
mations including proper parameterization of coordinates and the equating line elements on all
these manifolds including Riemann manifold. This research, on the contrary, goes beyond all
these approximations and proposes the incorporation of a phase-space metric tensor into GR.
The derivation of a quantized eight-dimensional metric tensor is not only presented, but also the
implications of it and the corresponding relative spacetime are examined.

1. Introduction

The quest to reconcile the principles of general relativity (GR) and quantum mechanics (QM) has been, and continues to be, one
of the most significant challenges in fundamental science. Einstein and Straus[1], Born [2], Overduin and Wesson [3], Donoghue [4],
Maccone [5]. Although Einstein’s GR has proven successful in integrating a classical approximation of spacetime to describe a variety
of phenomena, particularly at large scales, and QM has excelled in explaining numerous low-scale phenomena, both fundamental
theories continue to be fundamentally incompatible [6,7]. Einstein’s GR is based on the assumption of a smooth and certain spacetime,
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\begin {equation}\tilde {R}^A_{BCD}=\partial _C \tilde {\Gamma }^A_{BD}-\partial _D \tilde {\Gamma }^A_{BC}+\tilde {\Gamma }^A_{CE}\tilde {\Gamma }^E_{BD}-\tilde {\Gamma }^A_{DE}\tilde {\Gamma }^E_{BC}. \label {Xeqn79-115}\end {equation}
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in contrast to QM, which incorporates roughness and uncertainty. This essential contradiction holds particular importance in black
hole physics and the analysis of other extreme phenomenon, including cosmological [8-11] and spatial singularities [12-16] as
well as quantizing stress-energy tensor [17]. A recent quantization approach was established on extending spacetime geometry into
phase-space geometry, which allows for the integration of momentum space [18-28]. This new approach utilizes the Relativistic
Generalized Uncertainty Principle (RGUP), a physically motivated generalization of QM that incorporates relativistic gravitational
fields and introduces modifications to the momentum operator [29-32].

As mentioned, the different representations of gravity and spacetime in both theories, GR and QM, are the main reasons for
their orthogonality. As stated, while QM doesn’t describe gravity (neither classical nor quantum), the spacetime of GR is yet to be
quantized [33]. In other words, while QM covers all fundamental forces with the exception of gravitation, which is essential in GR. The
geometric quantization method suggests a means to harmonize the fundamental principles of both theories. It presents two mutually
dependent generalizations. It introduces two interconnected generalizations. This includes “gravitizing QM” [34], for instance, through
the application of the RGUP, the four-dimensional relativistic approach [29-32] or its three-dimensional classical counterpart, the
generalized uncertainty principle (GUP) [35,36]. Conversely, in GR, spacetime and geometry are considered fundamental degrees of
freedom, and assumed to be either static or, at most, undergoing gradual alterations [37]. It is apparent that spacetime would not
continue to be smooth and certain, particularly at relativistic energies and in finite gravitational fields [38].

One of the authors (AT) suggested the quantization of GR by converting the fundamental geometry into a dynamic form. Conse-
quently, the mathematical depiction of spacetime tends to be either background dependent, discretized, or ultimately quantized. In
this approach, the metric tensor plays a crucial role; being essential for the Einstein-Hilbert action and remaining invariant under dif-
feomorphisms [18-28]. The primary notion here is centered on introducing invariant commutation relations to QM, stemming from
finite gravitational fields in vacuum. Therefore, the motion of gravitational quanta acts as means by which gravitational interaction
takes place [18-28]. Given that the metric tensor combines all necessary information about geometry and spacetime [27,28,39], the
quantization of GR is therefore based on the quantization of its metric tensor [18-28]. The metric to be derived within Finsler and
Hamilton geometry, upon which quantum mechanical modifications are applied, can be converted into the conventional Riemann
metric. This constraint is intended to maintain all the assumptions of Einstein’s GR, including symmetry and dimensionality of the
metric tensor.

Starting with the geometric quantization on a four-dimensional manifold, which arises from the tangent or cotangent bundle, it is
appropriate to first examine the quantization of the metric tensor in such eight-dimensional bundles. Concretely, the aim is to derive
the quantized metric tensor on the cotangent bundle 77 M over spacetime with coordinates X = [x“, ppl- It is clear that this metric
depends not only on the spacetime coordinates x*, but also on the conjugate momenta p;.

This manuscript is structured as follows. The four-dimensional quantized metric tensor is briefly reviewed in Section 2. The
relativistic generalized uncertainty principle (RGUP), the approach which introduces gravitation to QM, is reviewed in Section 2.1.
The generalization of GR via extending Riemann to Finsler geometry is discussed in Section 2.2. A brief review of quantizing the
Finsler structure is elaborated in Section 2.3. The mathematical approach to extend Finsler to Hamilton geometry is summarized
in Section 2.4. The quantized metric tensor in four-dimensional Riemann geometry is discussed in Section 2.5. The derivation of
quantized metric tensor in phase space geometry is introduced in 3. Section 4 is devoted to implications of the quantized phase-space
metric to various aspects of GR. This includes line element, geodesic equations, Ricci curvature tensor and scalar, and Einstein field
equations in Sections 4.1-4.4, respectively. The final conclusions are outlined in Section 5.

2. Brief review on quantizing metric tensor in four-dimensional Riemann geometry

Let us start by introducing a brief review of the relativistic generalized uncertainty principle (RGUP), Section 2.1. RGUP is assumed
to extend QM to integrate relativistic gravitational fields [29-32].

2.1. QM generalization: relativistic generalized uncertainty principle

Through the integration of quantum gravity influences in Hilbert space [40,41] and the implementation of a physical mechanism to
control the collapse of the wave function [42-44], QM is assumed to be generalized. As discussed briefly, a third approach is introduced
by the RGUP [29-32]. The Heisenberg uncertainty principle (HUP), an fundamental theory of QM, emphasizes the noncommutative
relationships that exist, for instance, between position % and momentum operators p > 7 within flat spacetime, particularly in the
presence of a negligible gravitational field. The incorporation of a finite gravitational field and four-dimensional spacetime into the
HUP integrates gravity and leads to the RGUP [29-32].

The reason why RGUP and not the Generalized Uncertainty Principle (GUP) is preferred is that GUP seems to be less significant
when evaluating the Universe on a large scale. Further reasons can be retrieved from Ref. [45]. The thought experiment, which
Heisenberg himself devised within an expanding background geometry, can be regarded as the foundation for the generalization of
the Heisenberg Uncertainty Principle (HUP), known as the Extended Uncertainty Principle (EUP) [46,47]

, (Ax,)?
AxiAp; 2 |1+ —— | M

where ¢ represents the correct spatial uncertainty [48], and f, is a dimensionless quantity that can be determined empirically [49].
The scale factor can thus be utilized to locate the position x. Moreover, the Hubble horizon sets the upper limit for the EUP approach.
Hence, the proper generalization of QM that can be applied to the geometric quantization approach would integrate both the GUP
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and the EUP. In this regard, the minimal length produced by both GUP and EUP is (i) frame dependent [37]. (ii) does not entirely
preserve Lorentz covariance [50] and (iii) appears to distort the Einstein dispersion relation [29]. This distortion contradicts the
linear addition rule of momenta [51].

Thus, we conclude that the appropriate HUP extension that suites well the cosmological aspects, such as curved spacetime,
must be four-dimensional and relativistic. One must first acknowledge that the position and momentum coordinates associated with
a free particle in curved spacetime are not considered canonically conjugate variables [29]. We focus on the physical position and
momentum coordinates of the free particle and investigate their noncommutative relationships in four-dimensional curved spacetime,
where finite relativistic and gravitational fields are present. Since these two quantities can be expressed in terms of their auxiliary
four-vectors, specifically x and p}, one finds that x# (x, pfj) and p*(x};, pl; ). The canonically conjugate quantities x/; and p under the
fundamental tensor g#" satisfy the noncommutative relation [fcg R ﬁg] = jhg"¥, where ﬁg = —ihd/dx,, [29,52,53]. These assumptions
make it possible to distinguish between the temporal and spatial components x* = (xg, x{) and p* = ( pg, pg(l + ﬂpg;;g) ), where xg and
pg are the temporal position operator and the Oth momentum operator, respectively [37,53]. The stress-energy tensor for quantum
particles in curved spacetime may be used to estimate both time components, namely x8 =ctand pg E/c, where ¢ is the time and E is
the energy of free particle. The relationship between the physical position and momentum coordinates with respect to xg and p; was
analyzed in refs. [29,53]. In this regard, we emphasize that the proposed RGUP [54] no longer suffers from (i) Lorentz covariance
violation, (ii) coordinate dependency of the resulting minimum measurable length, and (iii) violation of the linear additive law of
momenta. Therefore, RGUP reads [29,53,55]

[, 8] = in[(1+ Bsp’p,) g™ +28,0" 5", 2

where f; and g, are two additional RGUP parameters. The HUP is easily obtained at p; = f, = 0 as [x¥, p'] = ihg#¥. The validity of the
noncommutative relations in curved spacetime is guaranteed by the resulting pseudo-Riemann metric tensor, g#*. It is obvious that
RGUP includes g#¥ and thereby becomes applicable on curved spacetime. Also it is crucial to emphasize that In isotropic discretized
curved spacetime, the space and momentum operators in Eq. (2) can be represented respectively as [371],

= 24, 3)
=1+ ﬂsPSPop)ﬁg . 4

This modification implies that the fundamental coordinates exhibit commutativity [35]. Throughout this work, operators £# and p,
are promoted to effective phase-space coordinates (x#, p,) by taking expectation values in semiclassical states. Henceforth, x# and p,
represent classical phase-space variables unless stated otherwise.

Section 2.2 reviews another generalization. Riemann geometry in GR is extended to Finsler geometry, which allows for the
inclusion of quantum mechanical revisions.

2.2. GR generalization: extending Riemann to Finsler geometry

The concept of a manifold and its underlying structure can be traced back to 1854, when Riemann expressed in his thesis the
mathematical challenges that required resolution. An alternative resolution was proposed by Riemann himself suggesting that a
smoothness approximation could be utilized. The resulting Riemann metric integrates the quadratic differential form along with a
smoothly varying set of inner products in the tangent space [56]. The quadratic differential within the context of Riemann geometry
resulted in the concepts of sectional curvature and the curvature tensor. The general formulation of a metric was introduced by
Finsler as the fourth root of a quartic differential form [57]. Characterized by a smoothly varying set of Minkowski structures, Finsler
geometry is characterized by Finsler structure. Thus, the length of a curve segment s between points a and b can be expressed as

b
[|F1nsler = / F(xl’ ,X"»yl ,y")df, y= dx/dt’ )
a

where x stands for position and y for velocity. In this regard, we define the tangent space, at the point x € M, as T, M, with M is
an n-dimensional C* manifold. Therefore, the tangent bundle of M is represented as TM :=U,,, T, M. Every element of TM is
characterized by the structure (x, y), where x is an element of M and y is an element of T, M. The natural projection z : TM — M is
then expressed as 7(x, y) := x. The cotangent bundle of M is expressed as T*M := U, T M, where, at x, a cotangent space T, M
of M can be formed as the dual space corresponding to 7, M.

It has been indicated long time ago, that the essential geometry of spacetime can be expressed in terms of Finsler geometry [58].
However, its application should be limited by the cosmological principle confined to Finsler spacetime geometry that exhibits spatial
homogeneity and isotropy [59]. Assuming a proper parameterization, a measure for a curve on M can be expressed as

b
syl =/ F(y(m),7(0)dr, (6)

where y : 7 — y(r) represents mapping of [a,b] to M, whereas y : [a,b] > M [60]. As previously mentioned, Finsler geometry is
characterized by: (i) a differentiable manifold M, and (ii) a continuous, non-negative structure F : TM — [0, +oc0) on the tangent
bundle TM. The mapping = : TM — M indicates that for every point X € T M, there exists a tangent vector to M, at the point
x € M, thereby establishing the relationship X ~ x. In other words, the Finsler spacetime is characterized as an eight-dimensional
tangent bundle T M, which integrates the tangent spaces of the fundamental four-dimensional manifold M [61].
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The generalization of Riemann geometry is thus considered to generalize GR by relaxing the quadratic constraint on the line
element ds?. There are additional approaches that rely on such generalization, which include quantum gravity phenomenology [62],
relativistic gravity, and geometric axiomatic theories of spacetime and relativity [63-65], and the violation of Lorentz invariance
[66].

As discussed, the main purpose of generalizing Riemann geometry is the intention to impose quantum mechanical ingredients.
Section 2.3 introduces a approach which allows for quantizing Finsler structure.

2.3. Quantizing the Finsler structure

A real, nonnegative scalar function that establishes a canonical inner product but may not be generated by an inner product is
known as the Finsler structure of an n-dimensional differentiable manifold M. The Finsler structure, which functions as a Minkowski
norm, is implemented in every tangent space within M. The main distinction between Riemann and Finsler manifolds is that the
Finslerian inner products are characterized by directions in the tangent bundle TM rather than by points of M. This shows that
the location and direction both have an impact on the inner product in a Finsler manifold. Furthermore, the quadratic restriction is
relaxed in Finsler geometry, while this constraint is particular to Riemann geometry, in which the squared length, represented by the
line element ds?, is inherently quadratic with respect to the associated coordinate displacements. In addition to these differences, the
Riemann and Finsler geometries share several similarities, including length, geodesics, curvature, connections, covariant derivative,
and structural equations [32,67,68]. The Finsler structure is expressed in terms of 2n independent variables, F(x, y), with x indicating
the local coordinates and y denoting the components of the contravariant vectors that are tangent to the manifold M, at the coordinates
x. In relation to every tangent space M, connected to M, a conical domain M can be recognized, wherein any tangent vector y at
the position x is contained within M. Furthermore, all other tangent vectors that are collinear with y and tangent at x are similarly
covered in M [56]. Due to its Finsler structure, the Riemann manifold is assumed to fulfill the following relation:

F2(x,y) = g,,()y"y", )

where y = x = dx/dt. The Finslerian metric, g, (x), is noticeably distinct from the Riemann metric g,,. Eq. (7) distinctly illustrates
the quadratic constraint placed on the line element within GR.

A pseudo-Riemannian manifold, an approach to quantize the line element, the fundamental first-form of curved spacetime, in the
relativistic regime, was first presented in refs. [63,69], assuming that the additional curvatures associated with the eight-dimensional
spacetime tangent bundle TM = M, ® M, would be utilized to mimic the proposed quantization on the four-dimensional spacetime
M,. The quantization approach proposes extending the Riemann manifold of the GR to a Finsler manifold, which is a smooth »-
dimensional differentiable manifold M, with a continuous nonnegative Finsler norm F : TM — [0, +c0) on the tangent bundle.

With the coordinates x# = (ct, x'), where u,v =0,1,2,3 and x¥ = 9x"/ds are tangent vectors and x# € T, M, where T, M represents
the tangent bundle, at the coordinate x. Additionally, TM :=U,c, T, M indicates the tangent bundle across M. It is assumed that
for every point x on M,, the mapping function (x#, x") -~ F(x*,x") possesses the following properties:

Positive definiteness, which means that the metric tensor is positive definite on TM\{0}.

Positive homogeneity, which means that the relativistic four-velocity x# makes F positively 1-homogeneous; F(x*, Ax") =
AF(x*,xY), VA€ R*, and

e Triangle inequality, which is satisfied pointwise by F(x*,0 + i) < F(x*,0) + F(x*, i0), where 0 and i are vectors tangent to M,
at the point x, assuring subadditivity.

It is proper now to emphasize the features of Finsler manifold [35,36,49,70]. These include:

In contrast to the Finslerian manifold, which is defined by M, and F(x#,x"), the Riemannian manifold is characterized by M,
and g In this regard, the Finslerian manifold is characterized by: (i) a base space and (ii) a real scalar-valued function F. The
base space is composed of set of points in R*. The genuine scalar-valued function R* x R* - R* captures additional geometric
structures.

¢ Second, the components of the curvature tensor represent the non-commutation relations, whereas the conventional operators of

the Heisenberg algebra are represented by the covariant derivatives on TM [71-73].

o Third, Finsler geometry is then characterized by quantifying distances in abstract spaces. In the context of the present approach to
advance relativity theory and quantum geometry, the distance separating two events on a Finsler manifold is established in a way
similar to the conventional Euclidean distance, defined as the length of the shortest path connecting them. The sum of the lengths
of its infinitesimal line components, represented by ds, represents the length of a curve on a Euclidean manifold. In a Finslerian
manifold, the sum of ds is then weighted according to the position and direction.

Hence, it is apparent that the directions not the magnitudes of the tangent vectors x# define the Finsler geometry.
Let us now introduce a modified momentum operator as follows:

by = o()p,, (8)
where the function ¢(p) given as
¢(p)=1+pp’p,, )
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is dimensionless so that g has an inverse momentum squared dimensionality. As introduced in Section 2.2, the function ¢(p) is derived
in the RGUP, which generalizes QM to finite relativistic gravitational fields and thereby introduces roughness and uncertainty into
the cotangent bundle.

Furthermore, let us assume a quantum particle moving in the curvatures, that emerge due to the proposed quantization. Accord-
ingly, the manifold M shall be extended as follows:

F(x,p) = F(x*, i), (10)

where «, § € {0,1,2,3). It is obvious that F(x?, 5#) is homogeneous of degree one. Eq. (10) can be rather identified with Hamilton
structure.
The Finsler metric,g,(fv), is defined to assure non-quadratic and more general dependencies on x#. This metric can be derived from
the Hessian matrix,
) _ 1 02F?

w9 ayy()yv' an

This makes the metric positive definite on 7'M /[0]. Unlike the metric in Riemann geometry, the Finsler metric depends on both
position and direction.
Now let us start with the line element in Riemann geometry

ds® = g, dx'dx/, (12)

which has a quadratic dependency on the position. The Finsler metric has non-quadratic dependency and is defined as

F(x,p) = 1/8;, 0y, 13

where y' =% and )/ = x/. The utilization of Finsler geometry allows for dimensional and tensorial consistency as well as
reparametrization properties. The functional length of a curve L[s] is given by

L
Lls]= / F(s(1), s(0)dt, 14)
0

which is invariant under parameterizations + — 7 when 7 and s# are inversely scaled. Using the positive homogenity of degree one,
one may conclude that the Finsler function and momentum are linearly scaled

m*F(x,%) = F(x.m*x), (15)

where m* is the positive mass and reparameterized quantity introduced to derive momentum.
As discussed earlier, the introduction of quantum particles in the additional curvatures is rather intended to extend Finsler to
Hamilton geometry, Section 2.4.

2.4. Extending Finsler to Hamilton geometry

Recall that the Finsler structure F(x, %) scaled linearly with four-momentum p, = mgf X" which leads to the related Hamilton
structure

1
H(x.p) = 587\ (x- DPaby. (16)

The Legendre transformation of the cotangent bundle metric g“lf (x, p) is considered under the condition that L(x, x) = F(x, %).
Both %* and p, can be derived from the Hamilton equations, Eq. (16),

_oH

9H _SH
op,’

xH .
OxH

Py = 17)
Now, we discuss the mapping between the tangent bundle (T M, =z, M), Finsler, and the cotangent bundle (T* M, z*, M), Hamilton. It
is obvious that the generalized Finsler structure, Section 2.3, is nonlinearly related to the generalized Hamilton structure, Eq. (16).

As expressed in Eq. (17), momentum variables p, can be derived from F 2,

dF?
Pu= 5 (18)
Xu
Then, the Legendre transform, Eq. (18), leads to
H(x,p) = p,x" — F(x,X). (19)

Thus, we conclude that the Hessian of the Finsler function is non-singular on the slit tangent bundle.
By generalizing both GR and QM and introducing the kinematics of quantum particles in the additional curvatures, the quantized
metric tensor can now be derived, Section 2.5.
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2.5. Quantized metric tensor in four-dimensional Riemann geometry

Assuming a suitable parameterization of the coordinates x# = x#(¢{) and momenta p# = p#(¢) in both Finsler and Hamilton spaces.
That is for the parameterizations {#, both sets of coordinates in the Finsler tangent (or Hamilton cotangent) bundle and on the Riemann
manifold are linked. The metric tensor at that position, where both Riemann and Finsler/Hamilton manifolds are parameterized
simultaneously, can be derived from the Hessian matrix of F 2(xg, qﬁ(v)pg),

1_2
2 ovjon,

gu(x) = @*F*(x}y, pp). (20)
It is obvious that the resulting g, (x) is both positive and symmetric. In this context, it is important to remember that the coordinates on
TM are defined as x# = (x#, p*) = ( x(‘;, ¢(p)p(‘;). The relationship between the metric and the Finsler/Hamilton structure is expressed
as follows:

G (P)F(xy, b)) = 8, ()} B} (21)
It is apparent that Euler’s theorem can be applied to Eq. (20), so that F z(x(‘;, p(V)) leads to Eq. (21). From Eq. (21), it is found that,
even if the constraint of a quadratic line element is not diminished, Finsler geometry still bears similarities to Riemann geometry.
Thus, the metric tensor g, (x) on the Finsler/Hamilton manifold seems to be distinguished from the conventional metric tensor g,,,

on Riemann manifold. The proper parameterization in Finsler/Hamilton space facilitates the identification of both metrics. To this
end, let us utilize the line element on both M and TM manifolds so that

8ap dx*(0)dx"(§) = &, dCH dL". (22)

By limiting the discussion to the simplest metric on Finsler manifold, namely the Klein metric [74], which characterizes hyperbolic
or projective geometry, where the geodesic equations are represented by Euclidean line segments [75], the structure is defined as

1/2
1pol2 — 10 21pol? + (xg - o)? 1"/

1- |)C0|2
It is obvious that | - | and (-) represent the standard Euclidean norm and inner product in R", respectively.

In this context, it is important to remember that F(x, p,) is merely required to exhibit positive homogeneity of degree one, and
there is no singular choice of Finsler structure. Various forms of F, including Randers, Kropina, Klein, and others, can all fulfill the
homogeneity requirement.

When RGUP corrections are introduced, the generalization to the uncertainty principle leads to a deformation of spacetime at
quantum scales, resulting in a metric that is contingent upon the selected Finsler structure. For instance, a Randers-type Finsler
structure, which consists of both linear and quadratic terms, generates a metric characterized by anisotropic corrections, while a
Kropina-type structure produces distinct singular behaviors. Consequently, the RGUP-corrected metric is not singularly defined; it is
indicative of the specific ansatz for F(x, py). Despite this, all RGUP-corrected metrics adhere to the homogeneity condition. Let us
now summarize this discussion as follows:

(23)

F(xg, po) =

¢ No uniqueness: RGUP corrections are structure-dependent.

¢ The Klein metric, which is part of the Beltrami-Klein model of hyperbolic geometry, is characterized by being projectively flat and
exhibiting constant negative curvature. It serves as a canonical example where modifications maintain projective flatness while
deforming curvature.

By examining the differences between Klein and Randers corrections, one can demonstrate how various Finsler selections result in
distinct quantum-modified metrics. The RGUP corrections seemingly modify the numerator and denominator in the Klein metric,
Eq. (23), in a manner that differs from that observed in a Randers-type structure.

As discussed, the translation of F(x*,x") into Hamilton structure is nonlinear. This process is founded on the Legendre trans-
form. An alternative derivation is based on the homogeneity properties of F(x*,x"). As introduced, RGUP modifies the conjugate
momentum operator, allowing for the expression of F(x*,x") to be given as F(xg, qb(p)pg). The resulting F(xg, ¢(p)p8) subsequently
exhibits homogeneity of degree one in p,. This presumes that the function ¢(p) = 1+ ﬂp(‘; Po, is obviously homogeneous of degree zero
in p,. In this respect, let us recall that the RGUP parameter f = $,G/(c>h) = Bo(&y /h)?, where c is the speed of light,  is the Planck
constant, G is the gravitational constant, and ¢y is the Planck length [35,36,49,70], and this does not depend on x,. Consequently,
B exhibits —2-homogeneity and the function ¢(p) is indeed 0-homogeneous in p,. This not only guarantees homogeneity, but also
preserves other mathematical properties of the Finsler structure, F(x*, "), including smoothness, subadditivity, positive definiteness,
and strong convexity, within the quantized Hamilton structure F (x(‘; s d)(p)p(v)).

The quantized fundamental metric tensor can now be obtained from Egs. (20) and (22) [27,28,54,65]. The derivation details
of the fundamental metric in Riemann geometry can be found in the Appendix B. Presuming that F (xg s p(”J) can be associated with
F(x{, #(p)py), Eq. (23), one finds that

oy
~ _ 2 K 2 pOPO p
guv - (¢ (p)+2WF ) [1 + F2 (1 +2ﬁp0p0p):| guv

dx" dx’ dp" dp’

0~"0 » 0 “Fo
Y _Y (142 v 9
|:d§ﬂ ac + ( + ﬂpopo/’)dgu v

] d,, (), 24)
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where k = g/ (pg)z. It is evident that pg‘ Dy represents a squared proper force which is normalized against the maximum proper gravi-
tational force, #. This is a newly identified physical constant that emerges from the proposed geometrical quantization approach. It
is clear that & is proportional to the maximum proper acceleration, &/ = (¢’ /AG)'/? as discovered by Caianiello [76-78].
We would like to highlight that the second line of Eq. (24) is presented as

K F?
)2
To verify that the Riemann and Finsler measures of the line elements are the same, it is necessary to reformulate d,,(x) in terms of
g,y 85 demonstrated in the first line of Eq. (24). This process still represents a substantial mathematical challenge that has not been
resolved. Consequently, one is obliged to make a bold assumption by ignoring the entire second line in Eq. (24). There is a significant
physical argument against the approximation that d,,(x) = 0. Let us begin with the complete representation of the symmetric tensor
drv,

d,(x) =2 {460V, 0 85, = 4PDIF L (50,80, + 04800 + K12+ H(P)160,, 8] 86, }- (25)

4ic F2 (F2x + 2007 d(py)) (2 F* g% 1 = 2 F2 i (0)* — (0))* $(py))
(B)? 3 (pg) (6 F* g% ik — 4 F2 1 (p)* + (p)* d(py)) (2 F2 & + ()% d(py))
4xp) F3 (F2x +2(0))% $(py))
[¢2(po> (6 F* g%k —4 F2  (p)% + (p0)* () (2 F2 & + (3)* d(pp))

d*(x) = [ ] Xk ey

] X [f“gov +fvg0“]

+[ —6 F* k (p))? ] Ou g0V,

$(po) (6 F* g0k — 4 F2k (1178)2 + (pg)4 d(py) (2 F2k + (p3>2 &(py))

The assumption that d,,(x) = 0 concerns the function ¢(p,), which is not contingent upon either x,. To summarize the correlation
between vanishing d uv(x) and vanishing ¢(p,):

* The quantization framework incorporates a correction term d,,, (x) into the generalized metric tensor.

¢ This correction is explicitly dependent on the function ¢(p,), which is associated with the auxiliary four-momentum and is essential
for maintaining the special curvature characteristics of the Randers metric.

« Specifically, the Randers metric necessitates that the second term (which includes ¢(p,)) behaves as a 1-form that is linear in
momentum. Should ¢(p,) be equal to zero, the correction term d,,,(x) will also be zero, resulting in the retention of only the
Riemannian component of the metric.

Consequently, vanishing d,, (x) results in vanishing ¢(p,), as d,,,(x) is directly constructed from ¢(py). In the absence of ¢(py), the
quantized extension reverts to the classical Riemann metric, causing the unique Randers curvature characteristics to be forfeited.

This manuscript is primarily focused on an approach to eight-dimensional metric, where the problematic of finite d,,(x) is not
significant. The assumption d,,,(x) = 0, which is vital for deriving the four-dimensional metric, might be justified by limiting the
analysis to the leading-order isotropic RGUP correction represented in the first term of Eq. (24). In this context, the tensor d,,,(x)
can be interpreted as indicating additional anisotropic corrections that go beyond the primary conformal deformation. Consequently,
the resulting metric would reflect a first-order truncation of the entire phase-space geometry, preserving the leading isotropic con-
tribution while disregarding higher-order anisotropic effects. This explanation may offer a more coherent physical rationale for the
approximation utilized in the manuscript. As previously stated, this aspect is not relevant to the current analysis.

However, the truncation of Eq. (24) with the assumption that d,,,(x) = 0 remains the only plausible approximation that evidently
violates the finiteness of ¢(p), particularly in the second line of Eq. (24). Given that the proposed quantization is still approximate,
especially by d,,,(x) = 0 and equating line elements on phase-space as well as on four-dimensional manifolds. However, the approx-
imated quantization still enables us to present essential implications of the proposed geometric quantization. If the mathematical
challenges in re-expressing d,,, (x) in terms of g,, are addressed, the proposed quantization approach consequently gains increased
accuracy. So far, we assumed that [27,28,54,65]

2 ﬁ”ﬂv
& = |:¢2(P) + 2(’(0F)2:| [1 + L (1 + zﬁPSPOp):l v (26)
Py

F2

Regardless of the approximations, the resulting §,, is presumed to contain various quantum mechanical features. Eq. (26) can be
formulated as a conformal transformation of g,4,

8ap = C(x, D) &ap- (27)
K F? ['764158
C(x,p) = [¢2(p)+2@] [1+ 52 (l+2ﬁpgp0/,):|. (28)

Let us now summarize some of the essential features of the quantized metric tensor, Eq. (27). First and foremost, it includes all the
basic assumptions of conventional GR. Additionally, it is four dimensional and maintains symmetry. Furthermore, its derivation is still
an approximation due to the various translations between higher geometry and back to Riemann geometry. Now, the natural course
of action is to attempt to minimize approximations to the greatest extent feasible. As this cannot be accomplished instantaneously, let
us initiate the process by generalizing the fundamental assumptions of GR. Generalizing absolute spacetime appears to be a natural
approach, particularly as the geometric approximation necessitates a transition to Finsler and/or Hamilton space. Consequently, the
most suitable approach now is to derive the fundamental tensor in phase space geometry, which results in spacetime being relative
and embedded within momentum space, Section 3.
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3. Derivation of quantized metric tensor in phase space geometry

This section discusses and resolves the difficulties in deriving the eight dimensional quantized metric tensor. When a scalar po-
tential S(x, p) is introduced, it is evident that the Hessian matrix does not appear to result in direct quantum corrections in the
spacetime coordinates [45]. On the one hand, when the scalar potential is applied to the four-dimensional quantized metric tensor,
S(x,p) = ¢2(p0)F2<xg s p(v)), a spacetime-spacetime component characterized by quantum deformations that depend solely on momen-
tum is retrieved [45].

Let us now recall a recent RGUP approach [79]. The corrections for a relativistic quantum particle moving in a spacetime back-
ground are given as [79]

xH = xg - ayszpO/,xg + a’yngp(’;xop + Chyng. (29)
The modification in p# is as introduced based on the original RGUP approach [29-32], namely,

P =9¢p). d=1+pp"p, (30)
We note that the last term of Eq. (29), ¢ hyzp(’;, introduces a translationally non-invariant contribution to the spacetime coordinates.
To preserve locality and translational symmetry, we impose ¢ = 0 throughout this work.

For F2(xy, py) = S(x, p) = F2(xy, ¢ py), we find that

. _ 1P (1 PFD) _ (31)

B = 3 smox ~ P\ 2oxmaxy ) TP 8w
This result highlights the problem of not quantizing the coordinates of spacetime but only quantizing the momentum space coordinates
[80]. This problem can be resolved by introducing the quantum deformed spacetime coordinate using the RGUP approach as discussed

in ref. [79]. However, there is an obvious flaw in this expression that no scalar is introduced by the last term, ¢ hyng , built from x(’)‘
[79]. This leads to

[x#, xV] = ih¢y*(p"x” — xVp¥). (32)

It is obvious that the resulting non-commutative relation, Eq. (32), seems to break the translational invariance and does not preserve
locality [79]. Given this discussion, it is presumed that the coefficient must disappear, ¢ = 0. Furthermore, one can also argue that the
third term in Eq. (29), ay? pg pgxop, introduces direction dependence through pg, which violates Lorentz invariance [81]. However,
since the quantity pgxop is a Lorentz scalar and the quantity pg is a Lorentz vector, it follows that the entire term remains Lorentz
invariant [79]. On the other hand, this direction dependence introduces anisotropy which does not violate Lorentz invariance [36].

In this regard, a mathematical framework known the Stetsko-Tkachuk approximation [82] is presumed to integrate RGUP into the
Hamiltonian, equations of motion, and stress-energy tensors. The Stetsko-Tkachuk approximation was applied, at « =0 and ¢’ =0
[45]. As aresult, the originally proposed RGUP does not incorporate any modifications to the position, thereby preserving the isotropic
nature of the Riemannian geometry [36]. Therefore, we propose that in order to directly allow for RGUP quantum corrections to the
spacetime coordinates, the third term in Eq. (29) must be retained. Thereby, the resulting approach becomes genuinely Finslerian, i.e.,
anisotropic [83]. Obviously, this allows for phase-space gravity [84]. Accordingly, the spacetime coordinates, x(’; , can be expressed
as [79]

xt = (1 —ay2p2)xg+a’y2pg(p~x0). (33)
The corresponding noncommutative relation of coordinates reads [85]
[x#, x"] =~ ihyZ(o/ —a)(pHx¥ — p'xh). B34

This is a x-Minkowski-like, not pathological, relation [86]. While the deformation introduces a momentum dependence, Lorentz
covariance is maintained because the correction terms are derived from Lorentz scalars (p(z), Po - Xo) and vectors (pg ). The resulting
anisotropy signifies a Finslerian generalization rather than a transgression of relativity. We conclude that abandoning the Stetsko—
Tkachuk representation allows for Lorentz covariant but anisotropic Finslerian spacetime in which coordinate deformations depend
explicitly on momentum without violating relativity [87].

We can now introduce the RGUP spacetime corrections y*(x, py). Let us assume that

wH(xo, po) = —ar?pxy + v ply (pg - x0), (35)

where « and o' are the Finslerian deformation coefficients, p, - xo = pgxop, and p(z) = pgpop. Then, one finds that

xH = xg +wh(xg, po)- (36)

To establish a consistent geometry on the cotangent bundle T* M, it is necessary to introduce a nonlinear connection N/ (x, p).
This facilitates the canonical decomposition of the tangent space TT*M into horizontal and vertical subspaces,

TT*M = HT*"M @ VT*M. 37)
Throughout this work, the nonlinear connection is written as N, with the upper index referring to momentum space and the lower
index to spacetime. Accordingly, the adapted basis reads

4 d Jd d

— — NH(x,p) —,
Y Dy op,

2 - 38
SxH  OxH (38)

0
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with the dual basis
dx*, ép, =dp, + N*,(x,p)dx". (39)

For Hamilton geometry, the nonlinear connection is naturally induced by H(x, p) = %S(x, D),

O H
NHGx,p) = ——. 40
J(x,p) Op, 0% (40)
Using the scalar potential S(x, p) = ¢?(py) F>(xo + w, po), one finds that
1, | 9*F? 9¢(py) OF?
NI'= Z¢°(pg) + &(po) ; (41)
v.o2 ap”ax(v) op, 0x5
where all RGUP-induced corrections enter explicitly.
We can now derive the general scalar potential as
S(x,p) = §*(P)F? [ — ar’pyxy +a'v>ply(po - x0). P (42)
The expression for the scalar potential, (42), is presented here in its quantum-deformed form, which can be further simplified as
S(x,p) = F>(x + v, d(p)py). (43)
By setting @ = o/ = w = # =0 in Eq. (42), the classical scalar potential can be easily derived,
S(x.p) = F*(x,p). (44)

It is obvious that the classical state is characterized by ¢(p) = 1.
Let us now summarize that the components of the eight-dimensional metric can be defined through adapted Hessian matrix of the
scalar potential S(x, p) as follows:

1 5
g(xx) — =
Swv T 3 Gxron (45)
1 §%S
s(xp) — 2 46
W2 Sxkap,’ (46)
1 %S
sp) — L 47
Hv 2 0p,dp, (47)

where §/6x# is the horizontal derivative induced by the nonlinear connection.The partial derivatives with respect to x# are understood
as horizontal derivatives unless stated otherwise. Given these assumptions, it is now possible to derive the spacetime-spacetime
component of the eight-dimensional metric

_10%S(x,p)
w7 Toxkoxy
where S(x, p) is identified with the quantum corrected Finsler metric F(x, p). In this regard, the 0-homogeneous property of the
function ¢(p,) plays an essential role,

(48)

K
d(py) = 1+ F?, (49)
)7
y’ = —ay2péxg + a’yng(po - X0)- (50)

The function ¢(p) is constructed to be homogeneous of degree zero in momentum and Lorentz scalar. Whenever a component-
dependent form such as (p8)2 is used, it is understood as a frame-fixed approximation valid in the comoving frame. Then, the scalar
potential S(x, p) can be defined as

S(x,p) = $*(po) F* [x{) + w’ (X0, Py): o - (51)
Accordingly, the spacetime-spacetime component can then be derived from

, 1 02§

8uv = 3 Gxmoxy (52)

Here, derivatives with respect to x# are taken in Finsler geometry, where (x#, x#) are local coordinates on the tangent bundle T M.
The dependence of S(x, p) on x* enters solely through the Finsler function F(x, x). The first derivative with respect to x# can be
expressed as
0S o oF? 0()+y”) 53
m—¢ (P)W—axy . (53)
Assuming that Finsler velocities are related to coordinates, i.e., x# ~ x*, let us consider that this approximation is valid within the
tangent bundle. In the context of general Finsler geometry, the tangent velocity is not inherently linked to coordinates, as the metric is
a function of both x and x. A straightforward relationship arises under two conditions: (i) when the geometry is osculating Riemannian,
meaning the metric is dependent solely on x along a specified geodesic, or (ii) when the Finsler structure is projectively flat, allowing

9
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geodesics to correspond directly to coordinate lines. The second option is the Klein metric. With the assumption that x# ~ x# then
the last derivative can be evaluated through chain rule,

O p g
Sro v =6 (54)

This is a standard Finslerian assumption where the velocity dependence is within F2 but not within y. The second derivative results
in
d 6F

& = ¢2(Po) o 9 O (55)
Then, we find that

B = ¢2(Po) x”@ = F?[x0 — ay®pgxt + &' v o (py - X)» 1G] (56)
By expanding F?(x, + y, p) to linear orders in « and «’, we obtain that

F(xg +w,p) = Fz(XOsPO)"'lI/”a—FZ- (57)

P
0x0

Eg. (50) represents a first-order expansion in the deformation y,. Higher-order terms O(y?) are neglected consistently within the
perturbative RGUP framework. Then, the second derivative in Eq. (56) can be reexpressed as

2 2
F2(x) + 9 [w”ﬂ] . (58)

oxHoxV axg

62
0xHoxY

F(xo+y) =

dxHoxV

Multiplying this by %¢2(p0), allows to rewrite Eq. (56) as

2 P2 0? oF?
— 11, 59
- W[z axraz b 0+ 3 2 0% 0% (W ox! (59
where
19> .
3 mF (x0) = 8, (x0)- (60)
Using v, (X0, Do) defined in Eq. (35), the correction term reads
Agu = 580 or? 61)
Euv = Po ax”()x‘* Yo axg .
Since y, doesn’t depend on x*, this simplifies the last expression to
og
Ag,, = #* (Y, — ”,,V, (62)

which shows explicitly that RGUP corrections induce direction-dependent (anisotropic) deformations of the spacetime metric.
For the anisotropic conformal transformation of the metric tensor in higher dimensional geometry, one could choose the following
metric
1) x X 75,6

uv ouyv
_ + 63
T Tl T A= PR 63)

The metric in Finsler geometry is derived as
.

Buv = 3 Gxmoxy

Accordingly, one finds that

F2(xg, %g)- (64)

1P R e
1P oo N ‘ 65
2 xnax L Yo Xo) = 7 %ol (1= 1xp]%)? )

By substituting into Eq. (64), we get that

6 xox'6..6 2 2

5 uv 00%uCv 1 0 paF
=¢ = = 1. 66
Buv o) [1 —1Ix012 (A =|xg|?)? 2 0xHox¥ (lI/ 0xg (66)

This choice corresponds to the most basic representative within the equivalence class of anisotropic conformal deformations. It is
chosen here for analytical simplicity and was applied in the development of the four-dimensional quantized metric

) x x 5 1) 1 02 0F2
goy :4'72(170)[1 ——+ P <—“Y2P(2)xg+a,721’g(170'x0)y . 67)
0

[xol? (1 =1Ixol?)? 2 0x#0x

10
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That the spacetime-spacetime component is derived, we can now move onto deriving the spacetime-momentum space component
from

1 9%S

g == . 68

B = 3 smapy ©8)
The first derivative with respect to x* gives

A

i =2¢%(py)g,,x*- (69)
The second derivative results in

~ a¢2(170) 2 agﬂp .

&= a—pvg*"‘ +¢ (Po)a—pv x7. (70)

It is obvious that this metric solely depends on momentum, where x, + y is the quantum deformed spacetime coordinate. We can
now evaluate the derivative of the metric by chain rule

08up 08, 0y°

= . 71
ap¥ 0xg ap¥ 71
First, let us start with evaluating ‘Z'Z: s
W _ —2ay%py,x° + o' 2(5"( - xg) + plxg, ) (72)
a])" = Y Poy 0 Y v Do 0 po Ov)-
Then, we get
00 = % (py) 8p x0X, 56/4570 p
H oY | 1=1Ixpl? (1= Ixq|*)?
+ ¢*(py [ 2ay? PovXg + a'yz(é‘v’(po - Xg) + pngV)]x”. (73)
One can simplify the above expression as follows:
- 0¢*(py) .
gy = PR ——(g,,)%" + (o [ 2ay? po,x§ + &' v*(87 (pg - Xo) + P§x0,)| X" (74)
x5

Based on Clairaut theorem of mixed partials [88], the momentum-spacetime component is the same as that of spacetime-momentum
space component, Eq. (73). This leads to

g<xp> g<px> (75)

The momentum-momentum component has already been derived in Section 2.5 and simplified in Ref. [89],

AH v
Pypy
g = <¢2(p0) +2ﬁF2> [1 + 0 21 +2ﬁp0P0ﬂ)]guv~ (76)
)

This derivation can be utilized since for the momentum-momentum component, the spacetime RGUP quantum deformation are not
needed [30]. Therefore a scalar potential S(x, p) = ¢*(p,)F> can be used. However, for the sake of preserving the scalar potential
for all components of the eight-dimensional metric, one could derive the momentum-momentum component using the general scalar
potential to get

y 1[( *$*(po) 9¢*(po) \ 0F2 (997 (o) \ OF2 02 F?
g0 =7 ) . +( =22 )5 + 20 77)
H 2 dpYopH dpH ()p apY dp/‘ dpHapY
where
ory?
Spron = —Zayzéwxo +a'y (5,/;"0\/ + Sfxoﬂ). (78)

As previously mentioned, it is presumable that the expression (77) requires revision considering that the Finsler/Hamilton function
F2(xy + y, py) is influenced by momentum in both an explicit and an implicit manner due to the RGUP-induced spacetime deformation
w = w(xg, py)- Consequently, mixed momentum-derivatives of F? acquire additional terms stemming from the p-dependence of .
Below we derive these contributions explicitly and give the corrected form of the momentum-momentum block &, ,, to the first
order in the deformation, i.e., linear order in y, equivalently in «,a’. We start from the definition, Eq. (35),

W (xg. po) = —ar” po,pf x§ + &'y p§ (po-xo)- (79)

In accordance with the convention established in this manuscript, where derivatives with respect to momentum are applied to the
contravariant components, differentiating with respect to the contravariant momentum components Py results is
oy’
op

— = —2ay? po, xg + a’yz(éf(povxo) + pgxov), (80)
0

11
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which reproduces the finite expression used earlier, cf. Eq. (78). To obtain the symmetric second-order tensor, Eq. (78), let us take a
second derivative,

Py ) )
= -2 — 154
apo apo apg ( (X}/ Poy X ) + apo {(X 14 [ ([’0 x()) + pOXOV]}

~2ay% 8, X7 + afyz<53 x50 xov>. (81)

This expression, Eq. (81), is symmetric under u < v exchange as required by equality of mixed partials. The Kronecker symbol §,,,
represents the usual identity when both indexes are lowered in the chosen index convention.

Next, we expand the momentum derivatives of the Finsler/Hamilton structure F2(x, + v, p,). Using the chain rule and suppressing
the explicit argument “(x, + w, py)” for compactness, we find that

2 2 2 JwP
aaFH = aaFH 2Fﬂ awll ) (82)
Po Po Xo 9Py
The second derivative reads
62F2 _ 62F2 02F2 awﬂ + 02F2 av//’
apoapo 0p06p0 “ &poax’7 op; 6p06x 6p0
an 02 P 02F2 ow’ oy’
= + P30 Wu Wv : (83)
oxy dphopy  0x(0x] opl op;
In the perturbative RGUP regime, we keep terms up to linear order in y, i.e., drop the quadratic last term in (83). Then
2 2 2 2 2F2 Gt 2 2yl
0°F ~ o0-F ()(F) t//v)+an ”u/w (84)
ophopy  Ophopy opy'oxy ap, 9%, 9p,9p,

X0
where parentheses denote symmetrization in y, v. Finally, we substitute Eqgs. (82)-(84) into the definition used in the manuscript for
the momentum-momentum block, Eq. (77),

62 2 9 2 2 0 2 2 2 2
g(pp)uv = l 2 H F? + iﬂ 0Fv + (/JV % + (pz i (85)
2\ \ op}on} apy )\ 9, AN op}op;

Retaining only terms up to linear order in y and using Eq. (84), the corrected expression may be written as

. ) ,
Sonyuv = Eiopy v T S8 op v (86)

where g((())) is the momentum-momentum block obtained when y = 0, i.e., Eq. (77), and the leading RGUP-induced correction is

52 1 5, 0F% 0%y’
Sopuv = 39 ox? aptap
o 9Py %Py

+ O, (87)

+1 2|: a2F2 awﬂ + 62(02 F2_<...>
2
2 0pg‘ 6x6’) ap(v)) dpf)” 0p(v)> @

where the notation (---) indicates the terms already present in gég; (explicitly expanding these terms does not add conceptual novelty
but is straightforward algebraically). The first line of Eq. (87) is the new and dominant contribution that arises from the second
derivative 9%y” /dp" , 0Py computed in Eq. (81); substituting (81) gives an explicit, index-explicit form for this correction:

1 poF Py’ 1
2 0xg 0pg(3p(v) 27

zaF [ 2ay? 8, X0 + 'y (6€xg+5Zx(V))]. (88)

Since g/ = (g;)T, it is clear that the eight-dimensional metric should take the form of the Sasaki metric, Appendix D,

5(xx) 5(xp)
~ 8uv uv
g =" K . (89)
-5 B

The block-diagonal structure of the eight-dimensional metric assumes a Sasaki-type lift of the base spacetime metric. This con-
struction implicitly introduces a nonlinear connection N/ (x, p), ensuring covariance under bundle coordinate transformations. In
four-dimensional spacetime, the derivatives of F2(x, p), such as the Klein metric, with respect to momentum only represent local de-
formations of the dispersion relation. Promoting phase-space coordinates (x*, p,) to independent coordinates on the tangent (Finsler)
or cotangent bundle (Hamilton) facilitates the derivatives entries of a metric tensor on that bundle. In this regard, Eq. (89) can also
be utilized to deduce the lifting of the four-dimensional spacetime metric g, (x) into an eight-dimensional metric g,,(x, p) that con-
tains both spacetime curvature and momentum geometry, where a,b € {0, 1, ---,7}. The proposed geometric quantization approach,
which was developed for four-dimensional Riemann geometry [27,28,54,65], can also be applied to eight-dimensional (phase space)
Hamilton geometry. A Sasaki-type construction [90-92], in which the metric on phase-space is produced by taking mixed second
derivatives of the scalar potential S(x, p) with respect to both sets of coordinates, can be used for the lifting.

12
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Based on the tensor product structure of the cotangent bundle 7% M, the full eight-dimensional metric can be expanded in the
basis dx*,dp,. Each term in the basis expansion represents one of the three billinear forms allowed by covariance: dx,dx’, dx,dp’,
and dp,dp’. In order to determine how strongly each sector contributes to the total line element, we introduce scalar functions
A(x,x"), B(x,p'), and Y(p, p’) [61]. The scalar weighting functions A (x, x"), B(x, p’), and Y(p, p’) are not merely arbitrary independent
parameters; they have been derived from the fundamental geometric principles of Finsler geometry [61]. In particular, these functions
emerge as scalar entities constructed from the contractions of the Finsler metric and the Cartan connection, thereby ensuring both
covariance and alignment with the homogeneity characteristics of the Finsler structure. These coefficients include the cross-coupling
factor, momentum space, and the interchange between spacetime curvature. This enables the generalization of the general covariant
eight-dimensional metric structure in phase-space geometry, g,,(x, p), from the fixed block diagonal metric, g,,(x). As a result, the
geometry changes dynamically. Regimes dominated by momentum-space curvature where the functions Y/ become significantly higher
than the functions 7, spacetime where the functions /7 become significantly greater than the functions Y/, or their quantum coupling
B # 0 can all be described. In this way, their linear combination leads to [61]

G = AG,, +BG,, + G, (90)

The quantized metric is represented by these three concepts. The main goal of this manuscript is to derive Eq. (90).
As the quantization of the phase-space metric is now intended to serve as the main goal of our geometrical quantization approach,
we can now start deriving the Hamiltonian. The Hamiltonian in Finsler geometry is given by

H(x.p) = 3 F(xp). (o1)
With the assumption imposed earlier that F2(x, p) — S(x, p), we find that

H(x.p) = S5(p) (92)
where the effective Hamiltonian is then given as

i = % 93)

The canonical momenta derived from the Lagrangian is the covariant momenta, p,, which means that we use the inverse metric g
P =g"p, 94
We can then write the scalar potential S(x, p) using the Hamiltonian as follows:
’H
0XA9XB’
Similar to a, b, both indexes A, B € {0, 1, ---,7}. In order to find the length of a curve in phase-space, get natural geodesics, and compute
the curvature tensors; one must trace this curve out quadratically. Since H = %F 2 then when F? — S(x, p), we get H = %S(x, D).
Consequently, a line element ds should be defined such that the action can be can constructed. Then the geodesics and curvature
tensors can be derived.

Some implications of quantized phase-space metric are introduced in Section 4. In Section 4.1, we start with the derivations of
eight-dimensional line element.

8ap = (95)

4. Implications of quantized phase-space metric
4.1. Line element in phase pace geometry

It obvious that the line element in phase space geometry lives in the phase-space tangent bundle 7% = [x*, p¥; x#, p*]. Such line
element measures the length of a phase-space curve I'(z) = (x#(r), p'(t)). T represents a proper parametrization

ds? = G X §,pd X d X4, (96)

where ¢ = (A + B+ ) is applied for each component of the metric: A for the spacetime-spacetime component of the eight-
dimensional metric, B for the spacetime-momentum and momentum-spacetime component of the eight-dimensional metric, and
Y for the momentum-momentum component of the eight-dimensional metric. Apparently, the eight-dimensional line element can be
constructed from the already derived eight-dimensional metric g,z = &,, components:

oY
xg x05 o

6
~(xx) 2 Hv oK"YV
B = ¢ (”0)[1—|x0|2 (1= x P2

10 220, 1.2 p oF?
+ 3 iR (—0!7 poxo+ 'y py(po - Xo)a—xg ) 97)

v
26 = 00> (o) | Sup + X3%0%0ubyp i
m op* | 1=Ixl>  (1=Ixo*?

13



K. Mubaidin, D. Mukherjee, S.O. Allehabi et al. Nuclear Physics, Section B 1029 (2026) 117584

ag,
+ &) 7 [207 po,x§ + 'Y (8] (pg - x0) + P x0,)] 5. (98)
0
'
20 = 9¢* (o) | Sup X3%0%u5 y
e op” | 1=1Ixpl> (1 —1x0|?)?
2 agﬂﬂ 2 o 1.2/50 o op
+ ¢ ()55 [~2ay?pg, x5 + &' y*(8S (py - x¢) + P x0,)| %7, (99)
0
P
g = <¢2(p0) + 2@%)2F2) [1 + ;20 (1+ 2ﬂp§pop)] Guve (100)
0

We can now derive the eight-dimensional line element,
o,V
xg x05 3

)
ds* = A [452(110)( = e

1- |X0|2 a- |x0|2)2

1 9% o0F?
+ ( - tx}’zp(z)xé + a’ﬁl’é(ﬁo‘%)y))] dx"dx"
0

2 0xHox"
Y
128 <()¢2(p0)) Sup " X6%0%0u 00 v (101)
op¥ LT—|xol? (1 —=|xo[>?
2 ag“ﬂ 2 c 1,2(so - op 1oV
+ 20022 (=207 py, x5 + a1 (85 (o x0) + P x0n) ) ¥ | dxdp
0

pﬂpv
+Y |:(¢2(Po) + 2@’5)2 F2><1 + % (1+ 2ﬁpgpop)>gw] dp*dp".
0 i

For the sake of simplicity, arbitrarily the coordinates can be chosen, where they are all equal to one. Accordingly, the coefficients
A, B, and Y can then be computed.

By utilizing the postulate of Maupertuis’s principle, a special case of the principle of least action indicates that the path taken by
a physical system is a minimum or a saddle point. Thus, the action formulation can be established

S():/muds. (102)

As down while deriving the quantized four-dimensional metric tensor [45], we can now construct the action for a relativistic particle,
i.e., where we set v = ¢ in natural units, with a positive mass moving in a spacetime background

1
S=m / ds. (103)
0

where we integrate from O to 1 to normalize Ref. [35], which can be re-expressed as

| A dxB ! N
S :m/ gABdeLdrzm/ \/ & pdXAdXBdr, (104)
0 dr dr 0

where A, B € {0, 1,---,7}. The Lagrangian of this action is given as

L =m\/g,pdXAdXB. (105)

The variation of this action allows for the derivation of the geodesic equations. Section 4.2 focuses on this second implementation.
4.2. Geodesic equations in phase space geometry

The natural geodesics of the relativistic particle is obtained when
68 =0. (106)
The worldline of the relativistic particle must be also varied
XA(2) = XA(r) + 6XA(2). 107)

Then, the variation of the Lagrangian leads to

5L = ﬁ(achBX*‘XBaXC +2g,,XA6XP), (108)
which gives
1
58 = m/ 5[ﬁ(achBXAX35XC + 2§ABXA5XB)][1T, (109)
0
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where 6X = (5 X).
The integration by parts where the boundary term vanishes, results in

1 5. B
d (8csX 1 & . wavwB
88 = droX€|-— + —0cg.s X X5 110
m /0 T [ a: ( 7 > 57 0c8as (110)
The stationary action, 65 = 0, gives the Euler-Lagrange equations
d (&cpX®? I o~ yvAyB
— - —90 X4X* =0. 111
dr < i > 27 c8An a1
We chose the affine parameter A — 7 such that £ = constant and can be factored out and canceled. This gives
d . . 1. o e
E(gCBXB) - EachBXAXB =0. (112)

By multiplying with §¢?, the index, can be raised. Then, the quantum-deformed connection coefficient in eight-dimensional phase
space reads

N 1. B 3 3
F,?B = EgDC(aAgCB +0g&ac — anAB)’ (113)

where the indexes C, D € {0, 1,---,7}. The quantized metric tensors, §-p, &4¢, and &, are composed of Egs. (97)-(100), while g§¢P
is an inverse metric tensor.

The corresponding curvature tensors, a third implementation of the phase space quantized metric tensor, can be derived,
Section 4.3.

4.3. Curvature tensors in phase space geometry

We can now derive the curvature in phase space geometry. To this end, we utilize non-commutativity

[V Vp|VA =Ry, VB, (114)

where V is the covariant derivative, V € X where X is a vector space, and

A _ 5 A PA A FE _pPA PE
Ryep =9clgp = 9plc +Tcpl'sp = el 'pc: (115)

By applying various contractions, Ricci curvature tensor and Ricci scalar, respectively, reads
RBD = RgAD’ (116)
R = B3P Ryp. 117)

For « = o' = p =0 and ¢(p,) = 1, the classical curvature tensor R,yl v €an be retained, straightforwardly.

The curvature tensors can be used to determine how the volume is deformed due to a mass point in spacetime. This is valid
for conventional four-dimensional spacetime as well as for the proposed phase space, which is composed of four-dimensional space
emerged in four-dimensional momentum space. Also, it is valid for their quantized versions. The relationships are determined by the
gravitational field equations known as the Einstein Field Equations (EFE). It was concluded that, the quantized EFE work well for the
absolute four-dimensional spacetime [18-28].

The derivation of EFE in phase space geometry, the fourth implimentation, is discussed in Section 4.4. Consequently, the proposed
variational action seems to function effectively across all eight-dimensional phase space.

4.4. Einstein field equations in phase space geometry

The Einstein field equations in phase space follow from the variational principle applied to the eight-dimensional Einstein-Hilbert
action
¢ o1
TN T 672G

Variation with respect to g42 yields

/d4xd4p |det 5| R. (118)

~ N 1. =« .
GABERAB—EgABR=87rGTAB, (119)
where T, 5, is the phase-space energy-momentum tensor. In four-dimensional symmetric geometry, the EFE are a set of 10-independent,

highly-coupled, hyperbolic, elliptic, second-ordered partial differential equations

822G
Gyv - Aguv = c_4Tyv’ (120)

where G is the gravitational constant, A is the cosmological constant, and 7,,, represents the stress-energy tensor. G,,, is the Einstein

tensor, where G, = R, — %ng. The four dimensional equations can be derived by the variational principle of a scalar function
with respect to a proper volume element

S[EH] =/d4XR _g+Smatter' (121)
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In a similar manner, the EFE can be derived for the eight dimensional phase space by using the eight dimensional quantized Ricci
scalar with the modified volume element

$ = / X RYTE + Sumrer (122)

Let us assume that the metric varies as follows:
&ap = &ap +684p (123)

5VF = 3V28" 52ap. (124)
We can now vary the Ricci scalar R = g48 R, p, to get

6R=R,p65"8 + 3 B5R 5. (125)
With 6§48 = —gACgBPg .. we also find that

SR=—R, 5658 + §AB6R 4. (126)

This allows us to derive the variation of the Ricci curvature tensor

6Rup =V oG, - VTS, (127)
If we assume suitable boundary conditions, we get

/ \/—_g”gAB R,p = Total Divergence. (128)
Thus, we obtain that the action reads

S:/dSX\/—_g(RAB—%Rg”AB>5g~AB. (129)
Accordingly, the quantized stress-energy tensor can be expressed as

Top=— 2 SSnatter (130)

Vg 6&'B
Thus, the phase-space EFE can be constructed as follows:

= 1 5. - 872G =
Ryp - ERgAB —Agsp = C_4TAB' (131)

At vanishing cosmological constant, the Einstein tensor can be written in terms of the eight dimensional quantized Einstein tensor

G~AB = KTAB- (132)
5. Conclusions

The derivation of the quantized four-dimensional metric tensor, which is based on the geometric quantization approach, was
conducted using several approximations. The incompatibility between the principles of general relativity and quantum mechanics
has been the reason these two theories have not been unified for the last century. The fact that even all alternative theories have failed
to resolve this problem adds to the complexity. This has inspired the geometric quantization approach to propose a generalization
of the existing versions of both theories. The proposed generalization not only integrates essential aspects of each theory but also
facilitates the reconciliation of their principles. Quantum mechanics is generalized to incorporate gravitational and relativistic fields.
In general relativity, the four-dimensional pseudo-Riemann geometry is replaced by eight-dimensional Finsler of Hamilton geometry.
By applying kinematic theory to quantum particles in curved space, it turns to be possible to unify the new versions of both theories.
To preserve all the principles of conventional GR, the metric tensor, which is directly derived from eight-dimensional geometry, must
be adapted to four-dimensional Riemann geometry. This translation can only be achieved under specific approximations, such as the
equivalence of the line element measure in higher-dimensional to that in a four-dimensional manifold.

The recent discovery of relative locality [93,94] has led our research on higher-dimensional metric tensors to unveil extensive
possibilities for reconstructing general relativity within phase space geometry. Relative locality refers to the observer-dependent
interpretation of events in a relative four-dimensional spacetime, which varies based on the observer’s frame of reference. Conversely,
conventional relativity allows for variations in temporal coordinates while keeping spatial coordinates of events constant, a principle
that is thoroughly represented in absolute four-dimensional spacetime. The earlier perspective suggests that the conventional four-
dimensional spacetime is emerged in a higher-dimensional space. Our work on geometric quantization of GR defines this as a four-
dimensional momentum space.

This manuscript is dedicated to the derivation of a quantized version of the metric tensor in higher dimensions. This not only
prevents the approximations related to its translation into Riemann geometry but also establishes a new theoretical framework for its
representation in phase space geometry, where relative locality is most effectively manifested. While the principle of relative locality
was derived from research on quantum gravity, its extension to include the geometry of momentum space relates to spacetime situated
within a higher geometric framework.
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When a scalar potential is applied to the four-dimensional quantized metric tensor, a spacetime-spacetime component emerges,
characterized by quantum deformations that solely depend on momentum. The challenge of not quantizing the coordinates of space-
time can be addressed by introducing a new quantum deformed spacetime coordinate through the RGUP approach. Through the ap-
plication of the Stetsko-Tkachuk approximation, the integration of RGUP does not involve any modifications to the position, thereby
preserving the isotropic essence of Riemannian geometry. As a result, we propose that in order to directly incorporate RGUP quantum
corrections into the spacetime coordinates, the resulting framework evolves into a Finslerian structure, meaning it is anisotropic. On
the other hand, disregarding the Stetsko-Tkachuk representation permits the existence of Lorentz covariant yet anisotropic Finslerian
spacetime, where coordinate deformations are explicitly dependent on momentum.
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Appendix A. Notations

First, we introduce the essential notations that appear in this manuscript. Let (M,g) be a smooth n — dimensional pseudo-
Riemannian manifold with local coordinates x’, where i = I, ..., n. The metric components are expressed as g;;(x). For tangent bundle
T M, coordinates are assumed as (x', y’), where y' are components of the vector y in the tangent space x. For cotangent bundle T* M,
coordinates (x, p;) are a straight-forward dualization of (x’,y). The Levi-Civita connections on the base M are denoted with V and
the connection coeffecients with F; (x). We assume standard symmetric connection satisfying metric compatibility and torsion free
properties. Furthermore, it is assumed that

e indexesi,j, k... runover 1,...,n,
« partial derivatives 9; = % and 0, = aiyi,
e covariant derivatives along the base directions is applied by the connection coefficients.

and

Appendix B. Derivation of Riemann metric from quantum-deformed finster metric

In order to obtain the Riemann metric from the quantum-deformed Finster metric, it is advisable to introduce a parametrization
¢, which is defined by a collection of embedded four-coordinates. It is presumed that these coordinates adequately embody both
Riemann and Finsler geometries, along with their respective metric tensor. First, the modified line element associated with the
higher-dimensional manifold is given as

i =2l dxMO)dx"(©). (B.1)

Finsler

Finsler

Secondly, the line element derived from the quantized fundamental metric g,, is expressed as

as? derag”, .2

- gMV Riemann

Riemann

where «,f ={0,1,2,3}. The introduction of higher-dimensional coordinates x* = (x(‘; ,d)(po)pg) expands the traditional spacetime
framework to include velocity space (tangent). Equivalently, in Hamilton space this will include momentum space (cotangent). Con-
versely, this allows for the use of partial derivatives and quantum deformation such as RGUP. With the suggested parametrization,
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the quantum-deformed line element related to the TM metric is expressed in the corresponding basis as dx#(¢), dx*(¢), Eq. (B.1). The
line element is thus modified by the quantized fundamental metric E,N and the basis d¢#, d¢Y, Eq. (B.2), so that

9x*(§) 9x*(£)
Finsler a(;M ac\/ :

At the suggested generic coordinates, defined by four-dimensional spacetime and four-dimensional momentum space, x, and py,
respectively, where the proposed parameterization holds true, we perform a substitution

9xy 9y \ (9% apy
Finster |\ agn PP 5zu <a_cva¢(170) 00)

9xy 0xy ¢y 9Py 9Py
Finsler aC_l‘ aCV + 2 W 04‘\/ ’

= 8uv

(B.3)

EMV

Riemann

Euv Riemann Euv

(B.4)

= 8uv

where the normalization factor ¥ = mA denotes the maximum proper force, with A representing the maximum proper acceleration
defined as A = ¢’ /Gh. In this framework, F? signifies the normalization applied to the square of the resultant proper force. During
the derivation of Eq. (B.4), it was presumed that the products of mixed derivatives completely vanish.

Appendix C. Horizontal and vertical lifts adjusted frame on tangent bundle T M

In order to define a Sasaki metric, we split the tangent space TM at a position (x, y) into the horizontal and vertical subspaces
associated the base connection V, such that

o the vertical subspace, V[, ,,T M is identified with 7, M and is spanned by the coordinate vector fields, d;, and
e the horizontal subspace H, ,TM is defined using the connection V.

The horizontal lift of the base vector field is given as

5 " .
5= = =0, ~T{y. (C.1)

1

For horizontal and vertical subspaces, a global adjusted frame on the tangent bundle T'M is obtained

[8;,0;1. (c.2)
The dual to this frame obviously reads
[dx', 5y'], (C.3)
where 6y is expressed as
sy =dy' +Fj.k(x)yfdxk. (C.4)
Accordingly, we find that
(dx',6y') = 69, (C.5)
(8y',9;) = &. (C.6)

It is obvious that the horizontal basis removes the connection part of 9; to make horizontal vectors transform like base vectors under
a coordinate change.

Appendix D. Sasaki metric on tangent bundle TM
Given (M, g) with components g;;, the Sasaki metric g5 on the tangent bundle T M is a metric for which the horizontal and vertical

subspaces are orthogonal and their inner products produce the base metric when using horizontal or vertical lifts. For the adjusted
frame, It was found that

g% = g,;(0)dx' @ dx/ + g,;(x)5y' ® 6y/. (D.1)
On the adjusted basis, the nonvanishing components are given as

85(5,.6)) = g;; (%), (D.2)

£509,.9)) = g;;(x). (D.3)
The inner product for orthogonal components reads

8%(6,.0) =0, (D.4)

where the line element is then expressed as
ds))g = g;;(x)dx'dx! + g,;(x)(dy + T y*dx') (dy' + T/ y"dx"). (D.5)
Accordingly, we conclude that this adapted form keeps the block diagonal.
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Appendix E. Coordinate expansion and relation to Levi-Civita connection

How to express the Sasaki metric g° in the coordinate frame (9;, d;) rather than the adjusted frame is discussed in this section. We
start with Eq. (D.5). By expanding the second term, we find that

e g;dy'dy’ are vertical-vertical components,
* 2g,;(0I,,y"dy dx" are vertical-horizontal components, and
e g, (I y*y"dx'dx" express the correction to the horizontal-horizontal components when seen in the coordinate basis 0;.

If one expresses the matrix of the Sasaki metric g° in the coordinate basis as (x', y/), then the block form reads

A(xy)  Bl(x.y)

By g | (E.1)
where

A% 9) = (%) + g5 (T (Y, (E.2)

BJ(x,y) = gap()T4 )Yk 3

Now, instead of expanding every index, we keep the adjusted-coframe form as the canonical respresentation. This is the cleanest
presentation for subsequent geometric manipulations.
The Sasaki metric on cotangent bundle 7* M is elaborated in next section, Appendix F.

Appendix F. Sasaki metric on cotangent bundle T* M
The cotangent bundle T* M with the coordinates (x, p;) is an analogy of the Sasaki metric. In this regard, the adapted coframe
can be defined as
8p; =dp, — l"".‘j(x)pkdxj. (F.1)
Also, in the adapted form, the cotangent Sasaki-type is given as
g5 = g (x)dx;dx; + g’ (x)p;6p;. (F.2)

For Hamiltonian or Finsler setting, the canonical symmetric quantity used on the cotangent bundle 7*M is the Hessian of a Hamil-
tonian H(x, p) with respect to p so that

2
Gij(x,p) = w’ (F.3)
0p;0p;

where the resulting metric GV is placed instead of the inverse base metric.

Appendix G. Classical limit

In the limit that «, a’, § — 0, one finds

v, =0, d(py) = 1. (G.1)
Also, the nonlinear connection vanishes
N¥ = 0. (G.2)
Consequently, the phase-space metric reduces to the block-diagonal form, namely
~ 8 (X) 0 > (
- , G.3)
84B < 0 8 (%)

recovering classical general relativity.
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